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Abstract. Building on techniques developed by Cowen and Gallardo-Gutierrez, 
we find a concrete formula for the adjoint of a composition operator with ratio- 
nal symbol acting on the Hardy space H^. We consider some specific examples, 
comparing our formula with several results that were previously known. 

1. Preliminaries 

Let B denote the open unit disk in the complex plane. The Hardy space is 
the Hilbert space consisting of all analytic functions f{z) — ^ a„z" on D such that 



Il/ll2 = 



El 



< oo. 



n=0 

2 



If f{z) — ^a„z" and g{z) = J^^nz" belong to , the inner product (/,(?) can 
be written in several ways. For example, 



(/, 9) = Y. aX = Hm / f{re^' )g{re^<^) 



n=0 

r2 



27r 



Any function / in H can be extended to the boundary of D by means of radial 
limits; in particular, f{C,) — limrji f{rC,) exists for almost all C, in 9D. (See Theorem 
2.2 in [5]). Furthermore, we can write 

dd 1 f rt.-TTT^'^C 



27r 2t:i Jg^ C 







It is often helpful to view as being a subspace of L^(9D). Taking the basis 
{•2^"}^-oo f*^^ i^(c'D), we can identify the Hardy space with the collection of 
functions whose Fourier coefficients vanish for n < ~1. 

One important property of is that it is a reproducing kernel Hilbert space. 
In other words, for any point w in B there is some function in (known as a 
reproducing kernel function) such that (/, Ky^) = f{w) for all / in H^. In the case 
of the Hardy space, it is easy to see that K^{z) = 1/(1 — wz). 
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At this point, wc will introduce our principal object of study. Let Lp be an analytic 
map that takes D into itself. The composition operator on is defined by the 
rule 

It follows from Littlewood's Subordination Theorem (see Theorem 2.22 in [4J) that 
every such operator takes into itself. These operators have received a good deal 
of attention in recent years. Both [4 and [10 provide an overview of many of the 
results that are known. 



2. Adjoints 

One of the most fundamental questions relating to composition operators is how 
to obtain a reasonable representation for their adjoints. It is difficult to find a useful 
description for C*, apart from the elementary identity 

c;{K^) = if^(^). (1) 

(See Theorem 1.4 in [4].) In 1988, Cowen [2j used this fact to establish the first 
major result pertaining to the adjoints of composition operators: 



Theorem 1 (Cowen). Let 



(p{z) = 



az 



cz + d 

be a nonconstant linear fractional map that takes D into itself. The adjoint C* can 
be written TgC^T^, for 

1 Tiz — c 

g{z) = — = =, (t{z) = — = =, and h{z) — cz + d, 

—bz + d —bz + d 

where Tg and Th denote the Toeplitz operators with symbols g and h respectively. 

While Cowen only stated this result for nonconstant (/s, it is easy to see that it also 
holds when ip is constant. (In that case, C^p and can be considered simply point- 
evaluation functionals.) It is sometimes helpful to have a more concrete version of 
Cowen's adjoint formula. Recalling that T* is the backward shift on H^, we see 
that 

{ad-bc)z (2) 



{az - c){-bz + d) c~ az 

A similar calculation appears in [7]. 
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In recent years, numerous authors have made the observation that 



(c;/)H = (/,if^o^)= / 

Jo 




(3) 



This fact seems particularly helpful when considering composition operators in- 
duced by rational maps. In an unpublished manuscript, Bourdon uses it to find 
a representation for C* when ip belongs to a certain class of "quadratic fractional" 
maps. It is the principal tool used by Efhnger-Dean, Johnson, Reed, and Shapiro 
[6] to calculate ||C;p|| when is a rational map satisfying a particular finiteness 
condition. Equation ([3|) is also the starting point from which both Martin and 
Vukotic 8 and Cowen and Gallardo-Gutierrez [3] attempt to describe the adjoints 
of all composition operators with rational symbol. It is the content of this last 
paper that provides the starting point for our current discussion. 

The results of Cowen and Gallardo-Gutierrez are stated in terms of multiple- 
valued weighted composition operators. Suppose that ip and a are a compatible 
pair of multiple- valued analytic maps on D (in a sense the authors describe in their 
paper), with fT(D) C D. The operator W^^a is defined by the rule 



the sum being taken over all branches of the pair ip and a. Whenever we encounter 
such an operator in this paper, the function -0 will actually be defined in terms of a. 

Before considering their adjoint theorem, we need to remind the reader of a 
particular piece of notation. If / is a (possibly multiple-valued) function on D, we 
define the fimction / on {z e C : \z\ > 1} by the rule 



Cowen and Gallardo-Gutierrez state the following result: 

Theorem 2 (Cowen and Gallardo-Gutierrez). Let ip be a nonconstant rational map 
that takes D into itself. The adjoint C* can be written BW^p^a, where B denotes 
the backward shift operator and W^,a is the multiple- valued weighted composition 
operator induced by a = and ip = (ip^^)' /ip^^ . 

Note that the function (p^^)' in the numerator of "ip represents the "tilde transform" 
of ((y9~^)', as defined in line (HI), rather than the derivative of p^^. 

As we shall see, Theorem [2] is not entirely correct in all cases. We will begin by 
considering whether this result is valid for linear fractional maps. 



{W^,.f){z) = Y,^{z)f{a{z)), 




(4) 



3. Linear fractional examples 



If Theorem [5] were to hold in general, it would certainly have to agree with 
Theorem [T] in the case of linear fractional maps. We shall show that these two 
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theorems rarely yield the same result. Let 

, , az + b 

vyz) = — — 

cz + a 

be a nonconstant map that takes D into itself. Note that 

dz ~ b 



—cz + a 

Using the notation of Theorem [21 we can write 

-bz + d 



and thus 



Also note that 



^-i(z) = ^-i(l/z) = 



a{z) = l/^-^{z) " 



-bz + d 



^ . ad—bc\ (ad—bc)z^ 

2~' 



(^-i)'(z) = 



(-|+a) / (az-c) 
from which it follows that 

-"^ — {ad — bc)z^ 



^{z) = (^-i)'(z)/^-i(z) = 



(az — c){—bz + d) 

According to Theorem [2l the operator C* can be written as the product BW^,,c,- 
This would allow us to write 

^ z {az -c){-bz + d) 

It is clear that line ([5]) agrees with line (O only in one special case: when c = 0. 
In other words, Theorem [5] is only valid for those linear fractional maps that are 
actually linear. 

There are several reasons that Theorem [2] fails in this situation. We will present 
a pair of examples, each demonstrating one possible problem with the theorem. 

Example 1. Consider the map 

ip{z) = 



z + A' 

which certainly takes D into itself. Theorem [21 as manifested in line ([5]), says that 

= (6) 

This statement cannot be correct, since this operator does not take into itself. 
In particular, if J{a{l/2)) = /(O) ^ 0, expression ([6]) fails to be analytic in D. 
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While we will provide a more detailed discussion at a later point, the proper 
way to correct this difficulty is to follow the backward shift with the orthogonal 
projection from onto H^. In this particular example, we would obtain 



This answer agrees with the adjoint formula given by line 

This projection is more than a notational nicety. The fact that the projection is 
absent from the statement of Theorem [5] causes Corollary 3.9 in |3J to be incorrect. 
In particular, the kernel of C* includes not only those functions that are sent to 
as a result of the backward shift, but also those that are sent to due to the 
projection. 

The next example illustrates a different problem with Theorem [51 
Example 2. Let 



According to Theorem 2, as explained at the start of this section, the adjoint should 
be given by the formula 



Unlike the previous example, this expression always yields an analytic function on 
D. Nevertheless, even if it did not contradict Theorem [U equation ([7]) could not 
possibly provide a correct formula for C*. Since ip{Q) — 0, hue (P) tells us that 
C* must fix the kernel function Kq{z) — 1. It is obvious that the operator defined 
above does not fix constant functions. 

The difficulty here is more subtle - and more fundamental - than that of the 
previous example. The proof of Theorem [2] (i.e. Theorem 3.8 in [3]) relies on the 
assumption that dip~^{p), or at least one component thereof, is a simple closed 
curve enclosing dH. In this instance, dip~^{p) is a circle of radius 4/3 centered at 
z — —8/3. In particular, di^~^{Ii) does not enclose 9D. Consequently one cannot 
use Cauchy's theorem to show that 



for polynomials / and g, as asserted in the proof of Theorem [2l since the integrand 
has a distinct singularity within each circle (at z — Q and z — —2, respectively). 
Without this purported equality, the remainder of the proof of Theorem[2]is invalid. 





(7) 



/ /(^(c))5(c) ^ = / fi^iom) 



dc 

c 



Note that d(p ^(D) need not even be a circle. For example, if we take 
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then dtf^^{3) is the vertical Une Rcz = —2. 

While these examples are particular to linear fractional maps, the problems they 
illustrate can manifest themselves with rational maps of any degree. 



4. The main theorem 

From this point onward, we will assume that tp is a rational map that takes D 
into itself. Our goal is to apply certain aspects of the proof of Theorem [2] (Theorem 
3.8 in [3^) to obtain a general formula for C*. Before stating our main results, we 
need to extract an important calculation from the proof of Theorem 2. 

Lemma 3 (Cowen and Gallardo-Gutierrez). Let tp be a nonconstant rational map 
that takes D into itself. Define the multiple-valued functions 



a{z) = llv-\z) = l/^-\l/z) 

and 

za'{z) 
a{z) 

Suppose that 9(^^^(D) is a hounded set. If f is a rational function with no poles on 
do and g is a polynomial, then 

In this expression, the function g is defined as in line ^ and the summation is 
taken over all branches of a. 

While the map a here is the same as in Theorem [2l the function ■0 is slightly 
different. With a bit of work, the i/j from Theorem[2]can be rewritten z'^a' (z) /a{z). 
The reason for this discrepancy is that here the function ip incorporates the action 
of the backward shift. 

It is important to recognize that the integral on the right-hand side of ([8]) does 
not necessarily represent an inner product in H^, or even in L^((3ID'). As we have 
already observed, the function ^ ip{g o cr) may have a singularity in D and hence 
might not be analytic. Under certain circumstances, it does not even belong to 

L2(aD). 

Before proceeding with the proof of this lemma, we need to consider a minor 
technical detail. For ip analytic in D, it is not always the case that (^~^(9D) = 
dp~^{'D). These sets do coincide, however, whenever ip is analytic in a neighborhood 
of (p^i(D). Any rational map : D ^ D satisfies this condition, since it can only 
have a finite number of poles, none of which can belong to ip^^{I!>). 
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Proof of Lemma\^ Fix a branch cut for ip^^ and consider all the branches </5j~^, 
(P2^, . . . T^'^- Define Tj = ip'J^{dO). Note that the sets Tj are pairwise disjoint 
and that 

N 



[jT,^v-\do)^d^-\n). 



Thus 



N 



dip 



fimmoT- = E / fifiOMc)^ (9) 

and we can apply the change of variables f{C,) — rj to each of the integrals on the 
right-hand side of ([9]), since (p is one-to-one on each Tj. Since C = fj^iv) for in 



Tj, we obtain 



C Jan tr^ M'P iv)) 



dv-^o) ' C JdO j-[iPj'^{ri)ip'{Lp^{ri)) 



If r\ belongs to 9D, then gi^pj^ir])) = g{(Jj{ri)) and </'7^('^) ~ Vj^iv)- Oii^ can 
easily check that {hy{z) = (— for all polynomials, and hence for all 
functions that are analytic on a subset of D. Thus a bit of computation shows that 

('g)^(z) _ z^a'^jz) 
V-\z) ^.(-) ■ 
Combining all of these observations, we have 



L 



<5 J on '^j[V) 



ay-i(D) "'an j=i ^A'n) 

as we had hoped to show. □ 

One consequence of this lemma is that, as long as it belongs to L^(9D), the 
function ^ ^(g o cr) is not affected by the choice of branch cut. 

While the multiple- valued function Lp"^ can be quite complicated in terms of its 
branch cuts, it can have only a single pole. In particular, a rational map has only 
one limit as \z\ goes to oo. For the duration of this paper, we will write </?(oo) to 
denote this quantity; that is, 

p}{po) = lim 

\z\ — >oo 
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with the understanding that ip{oo) = cx) if no finite hmit exists. The value of f{oo) 
determines the basic geometric properties of the set (^^^(D). It is always the case 
that cp^^{I])) is an open set containing D. As long as |(^(oo)| ^ 1, the boundary 
d(p^^{D) consists of a finite number of bounded curves. If |(^(cx))| > 1, then (p^^{D) 
is the union of the bounded regions enclosed within dLp^^{D). If |</'(oo)| < 1, 
then (p~^(]D) is the unbounded exterior region. If |(p(oo)| = 1, then at least one 
component of d(p~^{]S)) must be unbounded, which means that both (p~^{]D) and 
its complement are unbounded sets. 

For the purposes of this paper, we will need to consider each of these cases 
separately. We start with the most straightforward situation. 

Proposition 4. Suppose that tp is a nonconstant rational map that takes D into 
itself, with \if(oo)\ > 1. Then 

/(O) 



ip{oo)z 

where a and tp are the multiple-valued functions defined in Lemma\^ and the sum- 
mation is taken over all branches of a. 

Proof. Since the polynomials are dense in , it suffices to consider {f,C*{g)) 
for polynomials / and g. Observe that g, as defined in line (|4]), is analytic in 
{z : \z\ > 0} and that g agrees with 5 on the boundary of D. Thus 

{f,C;ig)) = ^[ /(^(C))^^ = -L/ /(^(C))g(C)^. (10) 

We wish to transfer this last integral from 9ID) to d(p^^{B). 

Since |iy9(oo)| > 1, we know that (^^^(D) is a bounded set, one component of 
which contains D. First of all, suppose A is a component of (p~^(D) that does not 
contain D. Since ip is analytic inside A and the point does not belong to A, we 
see that 

/(^(C)).9(C)^-0. 
OA s 

Now let B denote the component of (p~^{B>) that contains D. Since ip is analytic 
inside B, it is possible to deform 9ID) to dB without passing over any singularities of 
if and without passing over 0. Thus we can apply Cauchy's theorem and equation 
(fTUl) to see that 

{f,c;ig)) I fi^icmc)^ = -L /■ /(^(c))g(c)^. 

Hence Lemma [3] dictates that 



1 f ^//■^Y-.,.//■^„._.^^^^C 



{f,C;ig))^— /(C))^V(C)5(^(C))-^ (11) 



for any polynomials / and 
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Consider the function ^ 'ip{goa) for a fixed polynomial g. We would like to show 
that 'ip{g o (t) belongs to To that end, let us examine its Fourier series 

with respect to the basis {•z"}5^L~oo- Since line pT|) holds for any polynomial /, 
we only need to compute the Fourier coefficients corresponding to negative powers 
of z. Let n be a natural number and take f{z) — z^". Lemma |3] dictates that 

g(C) dc 

Since is a rational map, the only singularities of the integrand on the right-hand 
side occur when C = or when Lp{C) — 0; that is, within ip^^(B). Recall that the 
set (p^^(D) is bounded. Therefore, for R sufficiently large, Cauchy's theorem shows 
that 

1 f ff(C) dC 1 f ff(C) dC 



where Cji denotes the circle of radius R centered at the origin. Letting i? go to cxd, 
we see that 



1 f giO dC _ 1 f g{RO dC g{0) 



27ri Jc^ <^(C)" C 27ri Jg^ ip{RC)^ C "^(oo) 



In other words, the (— n)th Fourier coefficient of ° equals g{0)/(p(oo) 

where we understand this quantity to be if </?(oo) = oo. Therefore, if f{z) 
Y.n=-N ^nz"^, we see that 

Consequently V'lff ° raust belong to L^(9D). 

In view of line pT|) . we see that C^{g) is simply the projection of J2 ° 
onto H^. Note that 



y g(o) !_ ^ 9io)M^»-' ^ g(o) 

(p{oo)" 2" 1 — ((p(oo)z)^i (p{(X))z — 1 

(For the purposes of this calculation, we can assume that z belongs to (9D.) Con- 
sequently the projection of ^ ip{g o tj) onto equals 



^^(z)g(a(z))+ g^"^ , 

1 — (f(OOjZ 



which is precisely C*{g). □ 

Next we shall consider the situation when ip^^ has a pole inside the disk; that 
is, when |(p(oo)| < 1. The ideas underlying our calculations will be similar to what 
we have already seen, although (p^^{D) is an unbounded set and dD is not enclosed 
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within i9(^^^(D). Hence we cannot use Cauchy's theorem as in the previous proof, 
since in deforming 9D to 9(p^^(D) we would pass over the point and possibly 
some poles of Lp. Nevertheless, the result we obtain looks quite familiar. 

Proposition 5. Suppose that Lp is a nonconstant rational map that takes D into 
itself, with \ip{co)\ < 1. Then 



where a and '0 are the multiple-valued functions defined in Lemma\^and the sum- 
mation is taken over all branches of a. 

Proof. Let / and g be polynomials, and consider 



Since d(p~^(IS)) is bounded, we can find R sufficiently large so that C^, the circle 
of radius R centered at the origin, surrounds 9(^~^(D). Since dip~^{3) encloses 
(p~^{C \ D), the map ip is analytic in the region outside dp^^{M). Hence Cauchy's 
theorem dictates that 



Now we can apply the result of the Lemma [3l understanding that the negative sign 
represents a reversal in the orientation of dp~^(D) and that the change of variables 
results in a sign change. Therefore 






so that 





If we let i? go to cx), we see that 




(Recall our assumption that |(^(oo)| < 1.) Notice that we can rewrite 



/M(X3))5(0) = (C^(^)(/),Co(g)), 



where C;p(txj) and Cq can simply be understood as point-evaluation functionals. 
Theorem [2 tells us that (C^(oo)(/), Co(ff)) - {f,T^Co{g)), where 



1 



1 — ip{(X))z 
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In other words, 



(/,c;(,)) = - 



/ /(C)fe'/'(05KC)) + x(C)5(o)) 



c 



for all polynomials / and g. 

As in the proof of Proposition^ let us consider the Fourier series for the function 
J2''P{9 ° '^)- If fi^) = z^", Lemma [3] dictates that 



The only singularities of the integrand on the right-hand side occur within the set 
(p~^(D). As we have already noted, the curves that make up 9(^~^(D) enclose the 
preimage of the complement of the closed disk. In other words, this integral equals 
for all n, which means that the Fourier coefficients of J2'4^{9 ° corresponding 
to negative powers of z are all 0. Hence an argument similar to that of line (fT2l) 
shows that ^ i/j{goa) belongs to and in fact to H^. Therefore C* (5) is the 

projection of ^ ip{g o a) + X5(0) onto the Hardy space. It is clear that x belongs 
to H^, so we obtain the desired result. □ 

At first glance, it may appear that Propositions [4] and [5] are saying the same 
thing, but in fact there is a subtle difference. As noted in the proof of Proposition 
[5l both of the functions V-'(/ ° o") a^nd X belong to H^. Thus, when |(p(oo)| < 1, 
we can write 



where all of these operators actually take into itself. 

Finally we turn our attention to the case where |(/j(oo)| = 1. In this situation, 
as we have already mentioned, the geometric properties of ip~^(J}) can be rather 
complicated. Furthermore, as we can deduce from the next proposition, the function 
^ does not belong to Rather than dealing with this case on 

its own terms, we will obtain the desired result as a consequence of Proposition [S] 

Proposition 6. Suppose that ip is a nonconstant rational map that takes D into 
itself, with \ip{oo)\ = 1. Then 



where a and '0 are the multiple-valued functions defined in Lemma\^and the sum- 
mation is taken over all branches of a. 

Proof. Fix a real number r, with < r < 1, and consider the map rip{z). Observe 
that |r(^(oo)| < 1, so Proposition [5] applies to the operator C* . Define a and 
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in terms of the original map we shall state the formula for C*^ with respect to 
these fmictions. Since {r(p)^^{z) = (p^^{z/r), it follows that 

1 1 



and 



Consequently 



(r(^)'i(l/z) <y9-i(l/fz) 

z{a(rz)Y {rz)a'{rz) 
a{rz) a{rz) 



~ a{rz) 
ijj{rz). 



{C:j){z) = E ^Krz).f{<r{rz)) + . (13) 

1 — ip[oo)rz 

Observe that Cnp — CipCp, where p{z) — rz. Since Cp is self-adjoint (as we can see 
from Theorem [1]), it follows that 

ic:j){z) - ic;c;f){z) = {Cpc;.f){z) = (c;/)(rz). 

Combining this observation with line (|13p , we see that 

/(O) 



{C;f){rz) = Y,^:{rz)f{a{rz)) + - 



(p(oo)rz 

for all z in D. Making the substitution C, ~ rz, we conclude that 

/(O) 



(p{oo)C 

whenever |^| < r. Since r is arbitrary, our assertion follows. □ 

Combining Propositions [4l [Sj and[6l we can now state our main result. 

Theorem 7. Suppose that ip is a rational map that takes D into itself. Then 

/(O) 



iC;f){z)^J2^iz)f{aiz)) + - 



ip{oo)z 



where 



a{z) = l/ip-Hz)^l/p-^il/z), 
za'jz) 

(p{c>o) = lim ip{z), 

\z\ — >oc 

and the summation is taken over all branches of a. 

Notice that this result agrees exactly with line the adjoint formula for compo- 
sition operators with linear fractional symbol. Furthermore, we obtain the following 
corollary. 

Corollary 8. Suppose that ip is a rational function that takes D into itself. If 
ifjoo) — oo, then C* is a (multiple-valued) weighted composition operator. 
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5. Further examples 

Prior to this paper, there were a few concrete examples of rational (in addition 
to the linear fractional maps) for which the adjoint C* could be described precisely. 
We will conclude by considering several such results in the context of Theorem [71 

Example 3. Let f{z) — z™ for some natural number m. It is easy to calculate C* 
simply by considering its action on the orthonormal basis {z"}J^Lo- (See Exercise 
9.1.1 in [4j-) Applying Theorem [71 we see that 

^ — ' m 

where ai , (72 , ■ • ■ , <^in constitute all the branches of the function "^/z. This result 
agrees with the formulas previously stated in [8] and [9]. 

Example 4. The one specific example discussed by Cowen and Gallardo-Gutierrez 
[5] is the map ip{z) — (z^ + z)/2. Let us consider a slightly more general case: 

93(2) = az^ + 6z, 

with a 7^ 0. Note that ^p{oo) — 00, so C* is actually a multiple-valued weighted 
composition operator. It is easy to show that 



bz± \/ b^z'^ + iaz 

cr(z) 



and 



^^^^^za^^llJ^tz^ + ATlz 



^(2) ^ V b^z + Aa 
Therefore Theorem [71 says that 



, J^l I .bJb^z^ + Aaz] ( bz + i-iy J b^ z^ + Aaz 

3=1 \ b z + ia J y ^ 

When a = = 1/2, this expression agrees with the calculation found in 

Example 5. As we mentioned earlier, several years ago Bourdon calculated the 
adjoint C* for ip belonging to a particular class of rational maps. One example he 
considered was 



lOz-l- 13 



Note that 



and 



, , 3z-5±2V3^^ 
cr(z) = - 



9z- 13 
±2z 



V3- 2z(3z - 4 ± V3 - 2z) 
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Therefore (C*/)(z) equals 





3z- 5+ (-1^2^3-22 
9^-13 




^ v^3^^(3z - 4 + (-1)jV3~^) 



While the two formulas look somewhat different, it is not difficult to show that this 
result is identical to Bourdon's. 



The authors are indebted to Paul Bourdon for his many helpful comments and 
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